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CHAPTERI

INTRODUCTION

1.1 Statement of the Problem for DISCRETE
Time Parameterization

Consider the vector linear stochastic dynamical system given

by the equation

X S AX TE (1.1)

where X, is an r element vector (i.e., an r x 1 matrix) repre-

senting the state of the dynamical system at time k. X is the

random initial condition assumed here to be a vector gaussianly dis-

S
’

tributed with mean Xo and covariances matrix E xoxo = PO. A is
an r x r matrix of gaussian random parameters aij with known

mean and covariance elements E(ai . -E a, . )(ai . -E a, . ) for
11 Y1 Yol 239

=1,2,3,...,r. & is an r element vector gaussian

fetardydg K
white noise process with zero mean and covariance function

= > i
E Skgﬁ Ro 6k1& where RO 0 and 6ij is the Kronecker delta

function.

Consider the above dynamical system observed in additive

noise. Let zk be the r dimensional observation vector of the

state X} and M the gaussian white noise sequence with zero mean

and covariance E nkn£= No 6 where N0> 0 and 6ij is the

ki
Kronecker delta function. nk, 51},’ aij and Xo are assumed statis-

tically independent of each other.

The problem is, given the measurements Zo’ Ziseees Z) s

estimate the random plant parameters aij in such a way that the

weighted mean square error

e2 = E(g-(/_}\')* W(c_g—@) = trace E(‘Z’@) (g—@)* W

e

-



is minimized. The asterisk above denotes the matrix (vector) is to
be transposed. W = [WM] is an r2 X r2 positive definite matrix of

weighting elements with k, £ =1,2,..., r2, while

= " =a,,b=r{-1)+j
a [al,az, ,arz] where a, alJﬂ r{i-1) +j,

and i,j=1,2,...,r. & is the estimate of @ and hence of A.

The optimum minimum mean square estimate QB(k) of «

given Z2s2 is the conditional expectation E[alzo, Zoiseeol

1,...’Zk 1) k]

or Bayes estimate.

The Bayes estimate is the nonlinear functional that is to be
investigated. The scalar case, r =1, will be investigated in detail,
and then extensions to the matrix case developed.

1.2 Statement of the Problem for CONTINUQUS
Time Parameterization

Consider now the vector linear stochastic dynamical system

given by the equation:T
d x(t)
=— = A x(t) + 5(t) 0=t=sT

where x(t) is an r element vector function of time t, }_{(o) = Xo

is the initial state of the system and assumed here to be a gaussian

T

The differential equation should actually have been written in the

1
differential form d X, =A X dt +Rt2 dBt of References 6, 20, and 21,

t
where Bt is a vector process of independent Brownian motions and

x,c for known A, a Markov process independent of the Bt process,

Rt is pos;litive definite, so that heuristically, &§(t) may be thought
1

of as Rti—a_tl when Rt is a constant. Since &(t) in the end will

always be represented in its integral form, use of the Stieltjes30
form, as used in the references, appears cumbersome, so that it
will not be used here, but understood to be the underlying structure.




vector random parameter with mean Xo and covariance matrix
E x X v o= PO. As above, A isan r x r matrix of gaussian random

parameters with known mean and covariance elements,
E(a..-Ea..)(ai.-Ea )
11 11 22

1 19do
,jl,j2= 1,2,...,r. &(t) is an r element vector

where il,i

2
gaussian white noise process with zero mean and covariance function,

E S(tl) §(ty) = R &t -t,),

2

where Ro = 0. &(t ) is the so-called impulse function.

175
Consider the dynamical system to be observed in additive

noise; that is,
z(t) = x(t) + n(t) 0=t=T

where x(t) is the state at time t and n(t) is gaussian additive

white noise of zero mean and its covariance is given by
E n(t,) nlt,) = N_ 6(t ~t,).

The problem now is, given the measurements z(t), 0=t =T,
estimate the random plant parameter aij in such a way that the

weighted mean square error

e’ = Bla-®) " Wig-8)

is minimized. The asterisk denotes transposition of the associated
2 i . . -
matrix. W = [WM] is an r2 x r positive definite matrix of weight-

ing elements with k, 4 =1,2,..., r2. As before,

q=[al,a2,...a 2} .
r

where ap = aij’ 4 =r(i-1)+j and i,j=1,2,...,r. _@ is the esti-

mate of a and hence of A.



The optimum minimum mean square estimate QB(k) of «

when z(t), 0=t=T, is available is the conditional expectation
an(k) = E fa]z(t), ost=T}.

The conditional expectation of a given the realization
z(t), t €[0, T] is known as the Bayes estimate14 when the error cri-
terion is the minimum mean square error criterion. One should note
that z(t) involves x(t), and x(t) in turn involves eAt X, eAJc is
not gaussian. This is true even in scalar case where A =a. For
fixed t, eat is lognormally distributed2 and so, when the gaussian
X is multiplied by it, ea't X is for fixed t non-gaussianly dis-
tributed. Consequently z(t) is non-gaussianly distributed. Intui-
tively one would then suspect nonlinear weighting of z(t), t €0, T]
improves the estimate over a linear estimate. In fact, if 3-;; = 0,

the minimum variance linear estimate of a is a, the mean of aj.

Observing z(t) gives no new information on a.

The approach to be followed in the succeeding chapters is to
first consider the scalar cases, i.e., the scalar discrete case and
then the scalar continuous case. Certain computation difficulties
will be seen to arise, which can be overcome by using polynomial

estimators. Last, the vector dynamical case will be treated.

1.3 Examples of Physical Systems

Linear dynamical systems of the form g—g—ét-z = A x(t) + &(t)
or x ., TAx + Ek arise in many engineering problems, e.g., in

RCL circuits with thermal noise, lumped parameter mechanical
systems subjected to random vibrations, and guidance of space

vehicles, just to name a few. In each of these examples, the A
matrix may not have been known other than with respect to some

nominal value, or it might have been known only with respect to a




set of means and variances. It is desired to estimate A based upon

the output of the dynamical system.

Another class of problems occurs whenever the A matrix
changes from its original value. Such a situation occurs whenever
components deteriorate, either from a harsh environment or from

age. In such cases, a new estimate of the plant is desired.

In certain space guidance applications, the linearized equa-
tions of motion describing small variantions about the nominal tra-
jectory depend upon certain parameters, such as mass, inertia, con-
figuration, rigidity, etc. These quantities are known only approxi-
mately. By re-identifying the plant, a more accurate estimate of
the system is obtained. In each of the above examples, the systems

are to be identified even if the measurements are noisy.

1.4 Historical Background

Many authors have investigated the identification of linear
stochastic systems by noisy measurements. They have suggested to
increase the dimension of the state space and either
1) do essentially piecewise linear operations, recal-
culating new gains at each step, such as described
by Crunkel,17 Lee, 21 Stubberud,39 Ohap,34 Seal,37 or
Kopp and Orford,24 or

2) determine certain gradients, and then solve the
resulting differential equation by using the quasi-
linearization of Kalaba, as described by Kumar and
SI‘:‘thar,25 or

3) expand the function describing the nonlinear plant

in terms of a taylor series, retaining terms up

to second order in the state variable, do the same



for the observation function and then solve the
system of equations for the best estimate as sug-

gested by Bass, et al.5

The optimum minimum mean square estimate is still the Bayes or
conditional expectation of the modified state given the observables.
The above are approximations to the Bayes estimate. None appear
to have given data on how well they approximate the Bayes estimate,
particularly if the statistics are strongly non-gaussian and/or the
noise levels are large. In each of the above cases, the processing
of the data does not occur until after the measurements have been
made. This is not the case however, when the polynomial estimators
are of the form suggested by Cameron and Mar‘cin,7 Masani and
Wiener,37 A.V. Balakrishnan,s’ 4 or as developed herein. As
pointed out by Balal«:rishnan,.3 Polya and Szego41 have shown that it
is possible to construct processes for which one cannot produce a
convergent polynomial sequence. It is possible, however, to con-
struct an expansion in terms of nonlinear functionals of the observ-

ables which will give point-wise convergence to the Bayes es‘cima‘ce..3

Another approach is to solve a partial differential equation
(PDE) in the form of the Fokker-Planck or Komogorov diffusion
equation for the conditional probability density. This was suggested
by Stram’conovitch,38 Kushner,26 Fisher,13 and Mortensen.33 The
technique of Stratonovitch (corrected by Kushner, which in turn was
corrected by Fisher) requires solving a set of nonlinear partial dif-
ferential equations which are coupled. Fisher has in addition de-
veloped a partial differential equation, which, when solved, gives the
conditional mean and a limited number of quasi-moments. In any
case, the partial differential equations are highly coupled in the

random parameters. Consequently, they do not lend themselves to




solution, but only to approximate solutions. Mor'censen38 has
developed a PDE which, when normalized, becomes the conditional
probability density of the amended state space given the observation
over the time interval [0, T]. In this way he avoids certain coupling
between terms of the PDE associated with the scalar dynamical
system where no disturbing noise is acting but there is measurement
noise. The PDE he obtains is of first order and can be solved. With
disturbing noise, the PDE of Mortensen becomes a second order

quasilinear PDE, which at least to date has not been solved.

In short, the identification problem posed in the dissertation

has not been investigated by others in the manner proposed herein.



CHAPTER II

BAYES ESTIMATE OF SCALAR PLANT PARAMETER —
DISCRETE TIME CASE

2.1 Statement of the Problem

The objective of this chapter is to develop the minimum mean
square estimate of the scalar random plant parameter a. The
problem is as posed in Section 1.1, namely, given the scalar dynam-

. - + \ -
ical system, X 1T @ %, 'g"k, and the observations, Zy xk+ s
where k=0,1,...,n, estimate the scalar random plant parameter

a with known distribution. & are statistically independent white

>N
k’ 'k
gaussian sequences with zero means such that E '§i§j= Ro 6ij’
=0, 1. is the initial st .
E Einj E nan N0 613 x0 is the initial state of the system

2.2 The Initial State x0 is known

The Bayes estimate of a, based upon the k+1 observations

Z 2ZpseeeaZy 18
Sa p(a) p(zo, .o .,zk|a) da
A (k) = E{a]z ...z ] = (2.1)
B © k S‘p(a) P(Z . seeerZ Ia)da
ol 'k
P, |A(Zo’ cons zkla) is a gaussian conditional probability .
density. Denote the observations as a vector Zk= [zo, Zyseees zk] s
and its mean conditioned on a by Zk' Let
B v X ]
00 >Lol ok
/ . klo All e )le
AlaY=rlZ -Z MZ - 3 = . (9. 9)
Aflay = BU((Z -2, 02 -2,) |°‘) D - 2-2)
A
l_)LkO A-k,]. kk»_




where
0,1,...,k

A=A =N 6, j
oj jo "o 0oj
(2.3)

i
+i-
A=A =R ) a0 uN 5. i,j=1,2,....,k
ij i o S o ij

clearly [Ak(a)l is a polynomialin a for k 2 2, The conditional

probability density p(zo, cees zk|a) or p, IA(ZkIa) becomes

— b —l —
-%(Zk-Zk) A (@) (Z,-Z,)

e
a) = =1 (2.4)

(2m 2 |A@)]

Py IA(Zki

For k=0 and for k=1, pZIA(Zla) is independent of a, consequently
the Bayes estimate for the first two samples can be readily deter-
mined. In the case where a is gaussianly distributed with mean a

and variance o, the Bayes estimate becomes

aB(m =a
Xx Known (2.5)
- X 7z O
2, o1
2 N +R
R o o o
aB(l) = X2
1 4,_o
2 N +R
o] o o

/a\LB(l) does not depend upon Z, (as should be expected) since z,

does not depend upon a. Furthermore as o — o,

When o =0 then {a\B(l) = a.

For k = 2, the denominator of pZIA(ZkIa) is a positive
definite polynomial in a, while the argument of the exponential is the

ratio of two polynomials in a, the numerator of which depends upon



the observables. As a result the integrals associated with the Bayes
estimate cannot be readily evaluated. Numerical results could be
obtained by use of a computer. The case, where X is a gaussian

random scalar parameter, is treated next.

2.3 The Initial State xo is a Gaussian Random Parameter

Let X be a gaussian random parameter with mean io and
variance Vo' The Bayes estimate then becomes for the k+1 obser-
vations Zgree e Byt

S.a pA(a) pzlA(ZkIa) da

QB(k) = (2.6)
SlpA(a) pZIA(Zkla) da
where
. ]
o)
z y/
1 £ £-j
Z = =
Kk . and z,=a xo+ -Z a Ej—l
. j=1
z
|k
_ kit
_ -1 % -1
P, |aZyla) = 2m) I, @] exp - {(z,-2) T (@) (2, -2,)
(2.7)
‘Yoo 701 o Yok
Yo Y11
r, = : (2.8)
’Yko oooooo ’Ykk
and
- =
730 'Yoj a V0 +NO 60 j=0,1, 2, s K
(2.9)
) i+j 2 i+j-24
. - . + £} = 3 o0y .
Vi T Y Vo TR, = NGOy LITL2 k

10



Clearly II‘(a)l is a polynomial in a for k Z1. For k=0, QB(0)=Ea
as before. When k 21, the argument of the exponential associated

with P, (Z la) is a ratio of polynomials in a. When P, |A(Z la)

|a
is substituted into Equation (2.6) an expression is again obtained,
which is not readily evaluated, except by numerical techniques and
these in turn depend upon obtaining first a specific realization

(zo, .oy zk).

It is desirable at this point to investigate the feasibility of
using estimators based upon polynomial weighting of the observables,
the obvious advantage being the weightings do not depend upon the
specific realizations, but only upon the known or assumed prior

statistics.



CHAPTER II1

SCALAR PLANT PARAMETER ESTIMATED BY RECURSIVE
POLYNOMIAL WEIGHTING AT DISCRETE TIMES

3.1 Introduction and Linear Estimator

The problem is as stated in Chapter II, namely, let the scalar
dynamical system be characterized by

x(k+1) = a x(k) + &(k) (3.1)
and the measurements by

z(k) = x(k) + n(k) . (3.2)
x(o) is a scalar gaussian initial state with mean };o and variance
Vo' a is characterized by p(a). Let a = E a. The other statistics

are as before.

Let the first k+1 observations be denoted by the vector
Zl(k) =[{z(0), ..., z(k)]* and its difference from the mean as
Yl(k) = Zl(k) -E Zl(k). The optimum linear weighting minimum
mean square error estimate Ql(k) of a when k+l1 measurements

have been made, is known to be

>

L0 =3 +(Eaym) (B, 00 v 00 ¥, () (3.3)

while the corresponding error is known to be

elz(k) = E(a-3)°- (E aYl"‘(k) (B ¥, 00 Yl*(k))_l E(a Yl(k)) (3.4)

In the case where the mean of the initial state is zero E Yl(k) =0,

EaY (k) =0, and e?(k) = E(a-3)?%, even if the variance of the initial
state is large, so that linear weighting does not improve the estimate

at all

12




Equations (3.3) and (3.4) are readily cast into the set of

recursion relations:T The initial conditions are
yv(i) = z(3) - z(j) j=0,1,...,n
N 32 ,
ml(o,J)=aJVO j=0,1,...,n
cl(o) =0 (3.5)

A _
al(o) E a

e2(o) = ]E](a—::\)2 = variance of a

The recursion relations for the coefficients when j=1,2,...,k and
k=1,2,...,n are

m (k, k=j) =0

k-j-1
m  (k~j, K)=E y(k-]) y(k) - mf(k—j,k-j-l-,Z)pil(k-j-l-ﬁ)m (k=j-1-4,K)
£=0 (3.6)
p,(i) = m, G, ) (3.7)
X -1
c (k) =Eay(k) - ), c,(k-8)p " (k-£) m_ (k-£,k) (3.8)
4=1
Thus
X -1
A y(k+1) = y(k+1) - Z {ml(kﬂ,k—,@) Py (k—ﬁ)}A y(k-£) (3.9)
4=1 |
Ql(k+1)= Ql(k)+ [cl*<k+1) pil(k+l)} y(k+1) (3.10)
and
2 2 -1
el(k+1) = el(k) - ¢y (k+1) Py (k+1) cl(k+1) (3.11)

Instead of inverting a matrix of (k+1) x (k+1) dimensions, the re-

cursive linear scheme has led to inversion of only a scalar. Note

1-The details of the derivation are primarily algebraic, hence for
convenience, they are developed in the appendix, see Appendix A.

13
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that all the weightings are linear. The weightings are determined
strictly from the prior statistics. Consider now quadratic weighting,

i.e., weighting on polynomials of first and second degree.

3.2 Recursive Quadratic Estimation

Consider the same dynamical system, x(k+1) = ax(k) + &(k)
and the same measurement system, z(k) = x(k) + n(k), as discussed

in Section 3.1, Equations (3.1) and (3.2). But now form the vector
z(0)

Z2(0) = 5 after the observation z(o) at time 0 becomes
z{0) z(1)

available. Then congider the vector Zz(l) = 12(1) z(o)| formed
2
z(1)

from z(o) and z(l). The kth observation z(k) allows the vector

[z (k) B
z(k) z(o)
Zz(k) = 1 z(k) z(1)| to be formed. Let az(k) be the estimate

| 2(x)2

Zz(o)

Z_ (1)
obtained by an optimum linear weighting upon the array 2

Z (k)

(k+1)(k+4)
2

upon an array with these elements is equivalent to forming the

i

2

This array has elements. Optimum linear weighting

optimum weights, WO,Wll, W_° for the polynomial

k . k k .

W+ ) Wiz@+ ) ) w2 z()

o .~ 1 — = 2
i=0 i=0 j=0

Because terms which are up to and including second order in the

observables are considered, the scheme proposed has been called

"quadratic estimation". Polynomial estimators, which weigh observ-

ables up to third degree, are called cubic estimators, etc.




The minimum mean square error quadratic estimate of the

plant parameter a, based upon the vectors Zo’ ey Zk’ is obtained

as follows: Let

~2(k) - Zz(o)
z(k) z(o) Z2(1) %(k_l)
Zz(k) =1{z(k) z(1) and g (k) = . = 1. ... (3.12)
. 2 Zz(k—l) Zz(k)
) Z (k) axl
_z(k). 2(k). (k+2)x1 - 2 “axl
where o = Qif_l_)z(_kjjl_)_ . Let
Yz(k) = Zz(k) -E Zz(k) and gz(k) = 32(1{) -E 32(1{) (3.13)

Let AYz(k) be defined as the difference between Yz(k) and the mini-
mum mean square linear estimate of Y2(k) given Zz(o), Zz(l), cees

Zz(k-l) or equivalently, given AYz(o), eees A Y(k-1); then

A -1
A Y2(k) = Yz(k) -|E 'Y2(k) A 92(1{-1)][]3 Ag_(k-l)Ag (k-l)] Ag_z(k-l)

(3.14)
E A g (k) Ag*(k) has by construction the property
2 2
E Al (k) AYH(k) =
'EAY2(o)AY;"’(o ) 0 0 .. 0 7

0 EAY2(1)AY;‘(1) 0 .. 0

0 0 EAYz(z)AY’g(z) . . 0

0 0 0 .. EAYz(k)AY’;(k)

(3.15)

15
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Hence ’
k . . -1
AYz(k)=Y2(k)-j=1[E Yz(k) A Y2 (k-J):‘ [E AYz(k—J)A Y2 (k-J)] AYz(k-J)
(3.16)
where AYz(k) is a (k+1) x 1 matrix, i.e., a (k+l) element vector.
Define
. B » %
mz(k-J,k) =FE A Y2(k j) Yz(k) (3.17)
m ¥, k-j) = E Y, (k) A Yz*(k-j) (3.18)
P,(i) = E A Y,(j) A Y, ()) (3.19)
cz(j) =Ead Y2(j) (3.20)

Substituting Equation (3.16) into Equations (3.17) and (3. 20) yields

k-j-1
m ,(k-j, k) = E Y(k-j) Y*(k)-zilmz(k-j, k-j-l-z)p'z'l(k-j-1-z)m2(k-j-1—z,k)
(3.21)
and
s ) -1
c k) =E A Y(k) - ), m ik, k-£) p, (k-4) cy(k) (3. 22)

£=1
The optimum quadratic estimate of a given z(o),...,z(k) is of
course the optimum linear estimate of a given Y2(o), Y2(1), . .,Yz(k).
But this estimate of a is also equivalent to the optimum linear
estimate given Yz(o), Y2(1), .o o Y2(k); that is, if ]/5\3 denotes the

best linear estimate of the arguments (Doob, Reference 11) then it

follows
A A
8,k = E (alzz(o), Z,(1), ..., Zz(k))
A
= E (aIYZ(o), Y1), ..., Yz(k))
- E(ala Y (0), A Y (1),...,A Y (R)-E(a]ay () (3. 23)
2




which is
_ \ 771
Qz(k) =3+ (E a Agz(k)) [E A92(k) A gz(k)J Ag,(k) (3. 24)

and this can be reduced because Ag.z(k) has the property indicated
in Equation (3.15) to

A _A * PR |

az(k) = az(k-l) +[E a A Y2 (k)] [EAY2(k)AY2 (k)] AY2(k)

Use of Equations (3.17) through (3. 20) results then in é\tz(k) having

the expression
A.(k) = 4. (k-1) + c. (k) p.l(k) A Y(k)
2 2 2 2

The mean square error in estimating a by the quadratic estimate

Qz(k) is

e22(k) - E [a-£2(k)]2 (3. 25)

which in turn reduces from

2 o =\2 -1
e, (k) = E(a-a)” - [E a AY (0] (EAY () AY, (0] [EadY, (k)]

to

2, . 2 ” -1
ez(k) = e2(k—1) - Cz(k) P, (k) cz(k) (3.26)

Equations (3. 24) and (3. 26) give the desired recursion relations. The

coefficients are given by Equations (3. 21) and (3. 22).

An example, showing the above technique has been programmed
for the IBM 7094 in FORTRAN IV language and is discussed in
Appendix B. a is considered gaussian with mean a and variance
o. The reduction in mean square error between the linear and

quadratic estimators is shown in Figure 1.

17
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3.3 Generalization to Higher Ordered
Polynomial Weighting

The previous analysis is readily extended to higher dimen-
sions. With no loss of generality, one may consider the cubic

estimator by defining

[ z(k) 7
z(k) z(o)
z(k) z(1)

Z,(k) = | 2(k) 2(k)

z(k) z(o) z(o)
z(k) z(1) z(o)
z(k) z(1) z(1)
z(k) z(2) z(o)

°

| z(k) zzk) z(k) |

73(k)x1
where
ys(k) = number of rows in Z3(k)
_ (k+2)(k+3)
2

The size of the Z3(k) vector grows as

k |0f1] 2] 3
'y3(k)|3 6] 1015

If only a few observations are made, and then processed, cubic
estimators appear feasible. The derivations of Section 3. 2 go over
directly, i.e., one need only substitute Z3(k) for Zz(k) in all the

equations.
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Similarly, polynomial weighting of mth degree requires only .

to set Z (k) to
m

F2(0) ] rz(1) 1
9 z(1) z(o)
2 (o) 2(1) z(1)
Zm(o) = 23(0) Zm(l) =1 z(1) z(o) z(o)
24(0) z(1) z(1) z(1)
Lzm(ol mx1 'zm(l) - am(l)xl
2(2) -
z(2) z(o)
z(2) z(1)
Z (=) = z(2) z(2)
z(2) z(o) z(o)
ZSZ) z(1) z(1)
_zm(z) ‘am(z)xl

The number of rows in the vectors are

o (1) = m(rr;+1)
_m(m+1) (m+2)
am(2) - 6

and so forth. Figure 2 gives the growth rate of Zm(k). Figure 3
Z (o)
m
gives the growth rate of the vector 3 m(n) =
Zm(n) (n)x1
"m
Use of the recursion relations reduces the size of the matrices ap-

preciably. One needs only to compare the square of the length of




m = Order of weighting
n = Number of observations available
k = Measurement index (sampling time): k=0,1,2,...,n
z(k) = Scalar measurement at kth sampling time
Zm(k) = Vector used in recursive estimator of the form
[z(k), z(k) z(0), .. ., z(k) zg‘k), z(k) z(o) z(o),
2(k) z(1) z(0), .. .,zm(k)]

n| 0| 1} 2 3 4 5 6 7| 8 9| 10| 11 12
lm
1 11 1 1 1 1 1 1 1 1 1 1 1 1
2 2 3| 4 5 6 7 8 9| 10| 11 12| 13| 14
3 3| 6| 10y 15| 21 28| 36| 45| 55| 66| 78| 91(105
4 4110 20 35 56 84| 120 | 165(220| 286 | 364 | 455 {560
5 5|15 35 70 126 | 210| 320 | 495|715[1001|1365 |1800
6 6121| 56| 126 | 352 | 562 | 882 (1377
7 7128 84| 210 | 562 {1124 {2006
8 8136|120{ 320 | 882 |2006
9 9145|165 4951|1377
10 (10{55|220} 715 (2092
11 11662861001
12 112)781364 1365
13 |13]91(4551800

LENGTH OF MEASUREMENT VECTOR Zm(n)

FIGURE 2




m

n
k
z(k)

[}

= Measurement index (sampling time).
= Scalar measurement at kth
Zm(k) = [z(k), eevsz{k)z(0), ...
z(k)z(1)z(0), ..., 2

Order of weighting

m

%
Gm®  =[Ehe)h ZE W, ..., 2k )]

Number of observations available

sampling time
, sz) z(k), z(k) z(o) z(o),
(k)

k=0,1,...,n

\\f 0] 1 2 3 4 ) 6 7 8 9| 10{ 11| 12
jm
1 1 2] 3 4 5 6 7 81 9 10} 11} 12} 13
2 2] 5| 9 14| 20| 27 35! 44| 54| 65; 77| 90104
3 3| 9| 19} 34| 55| 83| 119! 164|219 | 285|363 |454 {559
4 4| 14| 34| 69| 125| 209} 329 | 494 {714 {1000
5 5, 20| 55| 125 251| 461 | 791 |1286
6 6( 27| 83| 209 | 461| 9231715
7 7] 35{119| 329 | 791(1715{3431
8 8| 44164 | 494 )1286
9 9| 54(219| 714
10 110} 65/2851]1000
11 (11| 77|363
12 |12| 90454
13 113 (104559

LENGTH OF VECTORg In(n)
FIGURE 3




the Zm(n) vector with that of the square of the length of the 3 (n)
m
vector for the same n and m. For quadratic weighting, the reduc-

tion at the kth sampling is from

2
‘: (k+1 )2(k+4)} ‘o (k+1)2

For cubic and quadratic estimators this reduction is even more

pronounced.

High order polynomial weighting appears to be applicable
primarily where only a few measurements are available for process-
ing and where it is desirable to extract the maximum amount of
information from the information available. Because these optimum
weightings depend only upon the statistics and not on the specific
realization, the weightings can be determined before the realizations
are available. This is particularly convenient in systems where
processing of data at the time the realization is made available is at

a premium — as is the case in many space vehicles.

In order to fully understand the discrete dynamical system,
one should also investigate continuous dynamical systems. In the
next two chapters the Bayes and the polynomial estimators are

developed for continuous dynamical systems.
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CHAPTER IV

BAYES ESTIMATE OF SCALAR PLANT PARAMETER —
CONTINUOUS TIME CASE

4.1 Statement of Problem

T

Consider the class of linear dynamical equations’' given by
40 - axit) + £(1) 0StsT<w

where x(t) is a scalar function of time, t, x(o) = Xo is the initial
value of x(t) and is assumed to be gaussianly distributed with known
mean J-(O and variance V_. "a'"' is called the plant parameter with
known (or assumed) prior distribution. &(t) is a white noise gaussian
random process with zero mean and covariance function E §(t) §(7) =
RO o(t-1). E(t), a, Xo are statistically independent of each other,
6(t) is the so-called impulse delta function. The above system is
observed in a noisy environment over an interval of time T, i.e.,
z(t) = x(t) + n(t)

where n(t) is a white gaussian noise with zero mean and covariance
function E n(tl) n(tz) = No 6(t1—t2). n(t) is statistically independent
of a, x, and &£(t). The problem is to estimate a, the random plant

parameter.

The Bayes estimate, that is, the minimum mean square error
estimate, is first developed as a limit of an eigenfunction expansion
for the case of no disturbing noise, and then later, with disturbing
noise. Theorems 4.1 and 4.2 deal with only measurement noise
while Theorems 4.3 and 4.4 deal with both measurement noise and
disturbing noise. Theorems 4.1 and 4.3 deal with zero mean initial

state. Theorem 4.4 is the general solution to the identification of

T

See Footnote of Page 2.
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linear stochastic dynamical systems with independent white gaussian

disturbance noise and independent white gaussian measurement noise.

4,2 Theorem 4.1

Given
x(t) = X eat or equivalently x =ax, 05t T<w (4.1)
z(t) = x(t) + n(t) 0=t=T<w (4.2)
where
X is gaussian (0 mean, Vo2) and is the initial value of
x(t), a is a random parameter with probability density
p(a) having mean a.
If
n(t) is white gaussian noise with zero mean and E n(t) n(t) =
No 6(t-7) where 6(t) is a Dirac delta function.
Then

the minimum mean squared estimate, the conditional expecta-

1
Sa p(a) e+§Q(a) d

tion, is

A
a=E[a|z(t), 0st=T] = . (4.3)
Srp(a) e+§Q(a)d
where
2
1 (Y
No N V ZaT -1
Q(a) = 2 [S‘ z(t)e dt] - log 1+T\I_ __2.__.
o
(4.4)

(i) If T=0, then 3 =Ea
2 2 9

T
g z(t)eatdt] <<l

A\
o o
i < << —_ << —_—
(ii) 1If O laTl 1, N 1, and N [
o o Yo

25
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N T ~AT
aza+§‘§z(t)w(t ,t.) z(t ) dt, dt
A, 1 1° 2 1

0 2
where
2
v V:T [ alty+y)
W(tl,tz) =— 1- N E\(a-a) e
2N o l
o
Vo
Thus the low ''signal-to-noise" 7 << | small sampling-
)

time estimator is a quadratic estimator.

(iii) If in addition to (ii), a is gaussianly distributed with
mean a and variance g, then

W(tl, t2) = Wg(tl,tz)

v 242 viT At rt) (bt )?
o) o 1727 271 2
= 5 1- N (t1+t2) e e
2N o
o}
Proof to Theorem 4.1
A. Generation of a complete orthonormal set of functions.

The covariance of x(t) given a is, since E X = 0,

a(t+tt.)

2 1 2

Rxla(tl,tz)=E{[x(t1)x(t2)]Ia} =v_'e . (4.5)

Rxla(tl,tz) is clearly symmetric in tl and t2 and

T -T 4 e2aT_1
= —_— <
5; S;) Rxla(tl,tz) dt1 dt2 V0 oa oo (4.6)

for all a < 0, The covariance of the noise n(t) is

Rn(tl’tz) = E n(tl) r)(tz) = N0 6(t1-t2) . (4.7)




Proof to Theorem 4.1 (Continued)

T,T
Rn(tl,tz) is symmetric andS;) S;) Rn(’cl,tz)dt1 dt2=NT<°°
(4.8)
since t <9, Thus it follows

R, |att t,) =E{z(t,) z(tz)la} = Rxla(tl,tz) +R_(t,t,) (4.9)

is symmetric and

TaT .
So go IRzla(tl,tz)l dt, dt, < e (4.10)
thenT the integral

T
go R, | (10 ty) §y(tyia) dt, =4 @) 6,06 50) (4.11)

is satisfied for at least one real number ui¢ 0 and some

function d)i(t;a) such that

T 2
0<§ Iq&i(t;a)l dt < « (4.12)
0

Expand Equation (4.11), using Equations (4.5), (4.7) and
(4.9), then,

9 atl T atz
v,e S;) e ¢i(t1;a)dt2+No ¢i(t1;a)=ui(a) ¢1(t1,'a) (4.13)
Thus we see there exists at least one ¢i say d)l, which has
the form

at1

¢1(tl;a) = kl(a) e (4.14)

but

T

See Davenport and Root (Reference 10, p. 373), Courant and Hilbert
Reference 8, Chapter II, Arts 4 and 5), or Riesz and Nagy (Refer-
ence 36, p. 242). '
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Proof to Theorem 4.1 (Continued)

9 eZaT_l

T 9
§0 ¢, (tpsa)dty = 1=k —r—

so that

¢1(t;a) =[Ta—T_— (4.15)
e

If the remaining ¢i(t1, a) are chosen orthogonal to ¢l(t1, a),

they will be such that
ngla(tl:tz) ¢1<t2’ a) da =0 1:‘2, 3, ceon (4. 16)

Thus the qbi(tl;a) are arbitrary except that they are to be
orthonormal to one another and to ¢1(t1;a). One such set is

a set generated from {wi(t;a)} where

v, (t;a) = R i=2,3, ... (4.17)

By applying the Gram-Schmidt orthonormalization scheme to

T

The set {¢i(t, a)} is now a complete orthonormal set. The

wi(t, a) we generate the desired complete orthonormal set.

characteristic numbers ui(a) are

2aT

2e -1
= A_ = —————
pl(a) kl(a) + No’ 1(a\) V0 5 (4.18)
uj(a) =N, i=2,3,...
B. Expansion of z(t) in terms of the orthonormal (O.N.) set

o}

T

A complete orthonormal set exists as a result of the integrable
square property of ¢;(t,a) and the positive definiteness of
Rzla(tl,tz) (Reference 10, p. 374),

28




Proof to Theorem 4.1 (Continued)

Let

T
z, = S z(t) ¢.(t;a) dt (4.19)
i, i

then (Reference 10, p. 36)

n
z(t) = lﬁi_;gl.izllzi d>i(t;a) (4. 20)

where equality is in the "limit in the mean'" sense.

C. Estimate of '"a'" based on Z:s i=1,2,... .
Let
aNEE[alzl,...,Zn]=Sap(a|zl,...,zn)da (4.21)
or

S.ap(a)p(z 9ZgeeyZ |a)da
= 12 2 (4.22)

Sp(a) P(Zy52g0 - ,zn|a) da

For given a, the set {zi} is a set of uncorrelated zero mean
gaussian random variables, i.e., they are a set of independent

gaussian random variables.

n
Thus, p(z. ,z “ 0 Z Ia)= I p(z.la) (4. 23)
1 n i=1 1

2!’
Since E(zila) =0 Mi
9 TA~T
E(z1 Ia) =S(; S(‘) [Rxla(tl’t2)+No 6(t1-t2)] ¢1(t1;a)¢2(t2;a)dt1 dt2
=X (@) + N
E(zjzla) = No

E(zizjla)= 0 i#j (4.24)



Proof to Theorem 4.1 (Continued)

then
z2 n
A Ly
2 A, +N 2N
e 1 o e o i=
p(zl, ...,znla) = ol (4. 25)
n/2 2 2
(27) (Al(a)+No) N,
Set
2
z 1 n
hn(a) = —1-\-1— Z_: (4. 26)
1 o =

z 12
By adding and subtracting S there results
o

-A

h (@) =3 N +>~ N

1 n
N— g (4.27)

Substituting Equations (4. 25) and (4. 27) into Equation (4. 22),
and cancelling terms in the numerator and denominator which

do not depend upon a, yields

2 () R
\‘N‘mz @-§- L% "”‘

S‘ap(a) - 1 n—l da
1 272
(21r)n/2(N Y (a)) N 2
4 (o) 1 5 (4.28)
+ = {-—(llv—_‘_x) zl(a) ﬁ— Z Zi (a)}
oi=1
S.p(a) L n-1 da
2 2

(2™ 2 (No+ Al(a))
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Proof to Theorem 4.1 (Continued)

2
A,z (a) n A
+% 21 1 5 —-Nl- Zziz(a)-log (1+ ——1-)
N (1+ -—1) 0i=1 o
0 No
ga pla) e da
) Az 2(a) n by
+% 21 1)\ -—Nl— E z (a)-log(1+—i)
N “(1+ -—-1-> 0i=1 o
o No
gp(a) e da
D. Limiting value of a .

The only term that depends on n is the sum of the zi2

exponential. Taking the limit, yields

S 2 T 5
1.i.m Z z. (a) =§ z7(t) dt .
. i
n—-eo j=1 0

The right-hand side is bounded for

T 9 T 9 eZaT_1
Eg Z (t)dt=E§ x (t)dt+N T=V E}jl————}+NT <
o o 2a
0 0
and
T 9 2
E[g z7(t)dt}] <
0
since T < o ,
Q = lim Q
Inn —> 0
AN T
1[ o 2 A 5 2
— - f— ) -
+ Zl——7—1+}‘ < zl(a) log (1 N ) z (t)dt
o o 0
S‘ap(a) e da
N AN T
1 o 2 2
+§ TN 1(3)‘10g(1+A/N0>" (t)dt

Z Z
5p(a) e © 0 da

(4. 29)

in the

(4.30)

(4.31)

(4.32)

(4.33)

31



Proof to Theorem 4.1 (Continued)

z(t) is a realization; it is independent of a since =z(t) is

T
given over 0=t =T. Cancelling S‘ zz(t) dt from the
0

exponentials of the numerator and denominator and then

substituting for )&1 zl(a) yields

1 Voz/Noz T at ’ Vo2 e2aT_1
+-2— 5 [S. z(t)e™ " dt| - log 1+—N—- 5
\' 2aT 0 o a
1+ _o (e -1 .
No 2a
S‘ap(a) e da
a =
n 1‘ VOZ/ 2 V 2 .2aT_)
+ 5 5 g z(t)e dt - log 1+— 55
' V0 2aT o
1+ 1—\1:; 2a
gp(a) e da
(4.34)

which is the Bayes estimate or conditional expectation of a
given z(t), 0=t =T, This proves the main part of the

theorem.

E. When T = 0, the exponent is zero, and so

g a p(a) da

a= =a. (4.35)
S p(a) da

v 2
F.  When ==<<1, 0< |aT|<<| and
[0}

2 2

VO T ¢
__U z(t) e dat] << 1
N
o) 0
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Proof to Theorem 4.1 (Continued)

then the exponential may be expanded as eA =1+A+

2
.g_l-.;....zl + A where |A|<<1. Hence,
e2aT__l T
2a
V02 e2aT_ V02 T
10g 1 + —ﬁ_ —"—'—za ~ N
o o

and so Equation (4.34) becomes

2
v T.T a(t +t.)
a+ 21\;’ 12 \ S g z(t)) 2(t,) E |ae 2 dt, dt,
o} vV T} 0%
1+ =2
A o
ax 5
V0 1 T,T a(t1+t2)
1+ 5N 5 S‘ S‘ z(tl) z(tz)E e d’cldt2
o) Vo T 00
+
1 NO
(4.36)
_ pTAT
~ a +§ § z(tl) W(tl,tz) Z(tz) dt1 dt2
0%0
where
2
\% a(t,-t,)
Wit ,t,) = °2 12 El(a-a)e 1 2}
2N vV T
1+ °
N
O

This says the low ''signal-to-noise' Bayes estimate is a

quadratic estimator!

If in addition,

a is gaussian with mean a and variance o




Proof to Theorem 4.1 (Continued)

4.3

Given

then

then
2 2 - 02 2
Voo a(t.+t. ) — (t+t,)
_ o0 1 12" 21 "2
W(tl,tz) = 5 5 (t1+t2) e e
2N V™ T
°\44 o)
N
o

and this is a symmetric inseparable kernel.

Theorem 4, 2

the same assumptions as given in Theorem 4.1, except that
X the initial condition on x(t), has a mean not necessarily

Zero

gap(a) e+(1/2)g(a) da

a -
S‘p(a) e+(1/:2)g(a)daL

where
virer 01 R[0T a1 %o 2T,
— S z(t)e dt +2-I:I-— S‘ z(t) e dt -—Ng- < Py
N0 0 oL 0 o
ga) = 5 ~-h(a)
Vo
1 +-N—
and ©
V02 (eZaT 1)
h(a) = lo 2 - .
g |1+ N 2a
o
i) If T=0, 2=Ea=a
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(i) If 0< |aT| << 1,

2
- 0 at
<L —_—<<
|xo| L 3 1, gz(t) e’ dt| <1
o
then
N - T T T
axa +S z(t)wl(t)dt+‘g‘ S‘ z(’cl)wz(tl,’cz)z(1;2)d‘c1 dtz
0 070
where
;(0 -, at
wl(tl) = N E(a-a) e
o
V2 alt +t_)
_ 0 - 1 2
wz(tl,tz) =— E(a-a) e .
2N
o
V02 X
In other words, for low —— and -3-, and short
N2 No

o
sampling time, the Bayes estimate is a linear plus

quadratic weighting of the observables.

Proof to Theorem 4. 2
The arguments follow identically as in Theorem 4.1, except

1
2aT . |?
= [E___}_} i=1

1'—(o 1
. where i

1 1 2a
E[zi(a)la] =

0 i=1
Let Zl = E_ °
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Proof to Theorem 4. 2 (Continued)

(z -z )2 n
Y bR L ) =
21 A +N N
1 o i=2
p(zl,...,znla)= ]
N —
(2 n/20L N )2 2
2
21
Adding and subtracting N in the exponential yields
o)
A - - .2
N 1 2z, 2.+(z;) Lo
Fn(a) A * N Z Zl
NO <1+ 1—\I—> 1
o
n-1
. 2 n/2
Cancelling the terms No and (2m) in numerator and

denominator yields (as in Theorem 4.1)

T 2
lim Z z; =‘§ z7(t) dt

n-—+o ': 0
and so

I (a) - I'(a)
n

A A
a \a) ra
(@)

T
Now g zz(t) dt is independent of a, since z(t) is a

(o}

specific realization and is given.

from the exponentials. Hence,

1
3 g(a)
S.a p(a) e da

+ % g(a)
gp(a) e da

A
a =

Hence it may be cancelled
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Proof to Theorem 4. 2 (Continued)

where
- - 2
._A'__ Z 2 + 2 .._1'_ Z - (Zl)
NO2 1 NO 1 No
g(a) = - h(a)
1+—
o
V02 T 2 %\ T ; (:Eo)2 2aT_,
— g z(t) e dt +2<-N— yz(t)ea dt- — < :
N Lo o/ 0 o a
= 5 - h(a)
\ <2aT >
o |e -1
1 +— |—
N 2a
o
and
V02 e2aT_1
h(a)=10g 1+-ﬁ_— ——2;———
o
Parts (i) and (ii) are obvious.
Q.E.D

4.4 Theorem 4.3

Given

x(t) = a x(t) + E(t) O0st=sT

or

t
X(t) - eat XO +S‘ ea(t'p) E(p) dp
0

where

xo is gaussian (0, Voz) and a is a random parameter with

density p(a)

z(t) = x(t) + n(t) 0=t=T



Then

a

£(t) is a white gaussian random process with zero mean

and covariance E E(pl) ﬁ(pz) = Ro 6(p1-p2).

n(t) is a zero mean white gaussian random process with

E n(tl) n(t2) = No 6(t1-t2) and uncorrelated with &(t).

All random terms are independent of each other.

+2Q(a)
S\a p(a) e da

+3 Q)
S‘p(a) e da

where

1.

3.

T.T 1
Q(a) =§ S z(tl)W<tl,t2;a, N—>Z(‘c2)dt1 d‘c2
0%Y0 o

T
1 2 1
_—1\?—-5(‘) z (t) dt+logD<a, ﬁ_>

o O

W(ty,to,a, S) satisfies the Fredholm Integral Equa-

8,14,18

tion of the second kind:

W( ;a,8) dt3

tl,tz

T
a, s>+s§O R | {t101) Wt t,

= <
S Rxla(tl,tz) 0=t

where S =

ZI....

¢}

R | (t,,t)= V2+i) ea(t1+t2)—3ea|t2_tll
x|a''1’t2 o 2a 2a
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Fredholm determinant

>
wj
&
Zl._
"
H

o
l/NOds T
= exp ‘81 -§-S‘ W(t,t;a,S) dt
0 0

Proof to Theorem 4.3

From the given statistics, it follows

g Blt;7ty)
Rxla(tl,tz)=E[x(t1)x(t2)|a] =V©e

TpT alt,-p.) alt -p,)
e T e T T nep)) £y ap, ap,
0"

] <2 Ro> altprty) R alt -t |
= \V e - e .

+ —— —
2a 2a

Rxla(tl,tz) is symmetric by inspection. If Rx|a(t1,t2) is

positive definite, i.e.,

T T
S(; S(; Rxla(tl,tz) g(tl) g(tz) dtldt2> 0

T

for all integrable square g(t), t €0, T] such that S‘ gz(T)dt>O,
0

then the conditions of Davenport and Root, Theorem 8,
Page 374 are satisfied and so the orthonormal set of eigen-

functions which satisfy
T
=) 0<t<=
S(; Rxla(tl,tz) d)i('c2 .51)d1:2 i(a) d)i(tl_’ a) t=T

forms a complete orthonormal set. Index i is such that

ED YD WKL
Al AZ 3
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Proof to Theorem 4.3 (Continued)

If Rxla(tl,tz) is positive semi-~definite, then the closure of
the set must be included to form a closed set {qSi} which spans

the space. z(t) is expressible, then, as
n
z(t) = Li.m. ), z(a) ¢ (t;a)
n-wo jo1 L i

where

T

z, = zi(a) =S‘ z(t) qSi(t,a) dt
0

Consider the first n, zi's. The sequence {zi} is an

independent gaussian sequence with mean 0 and variance

)Li+No for a given '"a'. Thus
2

zy )ti
NEN +log <1+-N—>+1og No
i o o

L B
_EZ

i=1
e

Pz, ,2.5.0y2 Ia)=
1’72 n (271)“72

The Bayes estimate based on z

-L4 @)
gap(a)e 2 n da

...1'. (a)
Sp(a)e 2 %n da

ceesZ i8S
1’ ’“n

A
a =

n

where

v 4 1
q(a) = Z N+a@ gDy <a; —-—>
i=1 "o i




Proof to Theorem 4.3 (Continued)

Substitute for 2z 12, i.e.,

i

qn(a) =
T,T L n A

§§Z<tl>z<’°z> E—Z [I'W}”i“l;a”’i“z;a)
0%Y0 oi=1 i o

+ log Dn <a; _NL>
o

Let

d‘cl dt2 +

n

A

— 1 . .

Eyltyrtppa) iZ' [1 - W} #;(t;5a) ¢(tp5a)
=1 i'o0

ILet n—+x

g(tl,t2;a) = l.i.m., gn(tl’ tz-;a)

n —*>»oo
_1 1
"R 80 ty) - W<°1’tz=a' ﬁ")
(o] (o]

where W<t1,t2;a, T\Il_> has the eigenfunction expansion
o
1\ 1 2N
W<t1’t2;a’ ﬁ'">= 2 Z —x 4y &)
o N0 i=1 1 4t
N
o
and satisfies the Fredholm integral equation of the second
kind
w(t,,t.; -1—+—1—§TR (t,,t) Wt,,t;a, = ) dt
2PN )TN x|a 123" T\'3* 2 N_J™'3
o o "0 o
L
Nz
o

N Rxla(tl'tz) ’
This is easily seen by substituting the eigenfunction expansion

for W(tl,tz;a, T\I}—) into the integral equation and noting
o
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Proof to Theorem 4.3 (Continued)

Ry lattyrt) = 121 X () @t,).
Let

1 1
D(a,—=—) = lim D [a, —=—
where

1
D (a, ﬁ—) is the Fredholm determinant.!
(0]

( ) °°1/N0 A( )
EnD(a, No> Z In 1+--:N— =i§15(; m ds

If t1= tz in the equation for W(tl,tz;a,S), then
T 0 A T oo by
, _ o2 2 2 2 i
S W(t, t;a,8) dt = S Z T S ¢, (t)dt =8 Z IS
0 i=1 i%0 i=1 2

and

1/
D( o) S(; -%g W(t, t;a, S) dt

4.5 Theorem 4.4

Q.E.D.

Given

same as Theorem 4.3 except E X =X is not necessarily
zero, i.e X € gaussian(x V2
» 1€, X €8 o’ o/

Then

TSee Reference 18, pp. 310-311 or Reference 8, Chapter III.
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+2Q(a)
ga p(a) e da

a = 1
t3 Q(a)
gp(a) e da
where
1. Q(a) =

T T[ atl_] . at,,_
SOS; z(tl)-e X W<t1’t2;a’ﬁ) z(tz)—e X, d’cldt2

T 2
_\S.' [Z(t)-eat}zo] dt - 10g D (a, RL)

0 o

2. W(tl,tzga, %) satisfies the Fredholm integral equation

of the second kind:

T
W(tl,tz;a,s)+s§0 RXIa(tl,t3) Witg, tyia, 5) dt,

.2
=8 Rxla(tl’tZ)

1 <
where S = No and 0= (tl,

<
t2) T.
+ -
3. R_| (t,,t)= V2+59 ea(tl R ealtz 1
’ xla 1’72 o 2a 2a
4, D(a; L) = Fredholm Determinant

N
o

1/N

o T
= exp S\ fd—zg W(t,t;a,s) dt
0 S™v0

43



Proof to Theorem 4.4

Follows directly the steps outlined in Theorem 4.3 except

E[z(t)|a] = }_{O eat = z(t)

and so z(t) of Theorem 4.3 is replaced by z(t) - z(t).
For example
n (z.-E.)2

B
) A+N
i=1 i "o

n ~T.T q,'>i(1:1 a) ¢i(t2 a)
121 go go [2(t,)-2(E)] [2(t ) -2 )] TN, dt, dt,

and so forth.

4.6 Generalizations and Comments

The general Bayes estimate of the scalar plant a was de-

veloped for the case where white disturbing gaussian noise is acting.

As far as the author knows, the expressions developed are new.
Recently Professor R.E.Mortensen of the University of California,

F

Los Angeles, developed expressions' identical to the results of
Theorems 4.1 and 4.2, using a completely different approach. He
began with the stochastic partial differential equation derived in his
Ph.D. dissertation.33 He converted the stochastic partial differ-
ential equations to a standard partial differential equation by adding
the "Ito correction factor"41 but modified for partial differential

21, 22

equations. Fortunately, the partial differential equation that

resulted was of first order and quasi-linear. It could be readily

solved by standard techniques as in say Hildebrand.19

The problem of estimating a is far more complex whenever

disturbing noise is acting. In that case the partial differential

T

Unpublished correspondence.
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equation of Mortensen is quasi-linear and of second order. The
solutions given in Theorems 4.3 and 4.4 await verifications by the
method of partial differential equations. It should be pointed out that
the nonlinear estimation schemes of Stratonovitch,38 Kushner,2

and Fisher,13 result in nonlinear partial differential equations. This
is because Mortensen refers the normalization required in order to
obtain a probability density until after the solution to the PDE is

obtained. In this way he is able to solve these problems at all.

Nevertheless the general case where disturbing noise is

present has not been solved by solving the PDE.

It should be observed that expressions obtained in Theorems
4.1 through 4.4 could obviously be extended to the case of estimating
n_n

a function of a. This is accomplished simply by replacing "a' by

f(a) in the a following after the integral sign:
A
f(a) = gf(a) pla]z(t), 0=t =T} da.

The expression derived in Theorems 4.1 through 4.4 are not
readily implemented. It appears possible however that a Monte Carlo
scheme could be used on a hybrid analog digital computer. One way
would be to choose "a' and X discretely from an approximate
random noise source. Then substitute that value of a into the analog
computer to obtain a simulation of the solution of the dynamical
system. The solution would be placed in the exponential and weighted
appropriately, depending upon the distribution of a and integrated

numerically. In this way the desirable features of the analog and the

digital computers are used.

Another approach is to approximate the Bayes estimate by a
continuous polynomial weighting of the observation. Such polynomial

weighting will be discussed next.
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CHAPTER V
CONTINUOUS POLYNOMIAL ESTIMATORS

5.1 Description

By the optimum polynomial estimate of degree (say m) is

meant a polynomial of the form

T T-T
A (o) (1) (2)
am— w +S‘O W () z(t) dt +SO go w (tl’t2)z(t1)z(t2)dt1dt2+ +

T~ATAT T (n) m
+S. S S S W (tl,tz,...,t ) IT z2(t) dt., (5.1)
0v0Y0 0 mj=1 11
N, t——
m
or abstractly the homogenous polynomial

A =§S‘"'S‘K(t R Ir? z(t,) dt, (5.2)
m 1 m j=1 1 i
m

which minimizes the mean square error between it and the Bayes

conditional mean ng E[a|z(t), 0=t=T].

The machinery and notation used in this chapter follows to

some extent the recent work of A.V. Balakrishnan.s’ 4

5.2 Sufficient Condition for Optimality

A sufficient condition for polynomial estimators of the form

given in Equations (5.1) or (5. 2) to minimize the mean square error

is that
/\ —
E(a-am) =0 (5.3)
A k
E(a-a ) J7 z(t.) =0 forall k=1,2,...,m
' m i=1 1
and 0=t . =T (5.4)
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This can be seen by multiplying Equations (5.3) and (5. 4) by
W(k)(tl,tz, e .tk) and integrating tiatoseennty each over [0, T].
The sum of these equations is the equation E(a-ﬁm) /a\mm= 0 and this
is the familiar condition for an orthgonal projection of a into the
space of the polynomials of degree n. Such a projection minimizes
the mean square error E(a—{a\m)2 among the class of estimators

having the form given by Equation (5. 1).

5.3 Integral Equations

If Equation (5. 3) is substituted into Equation (5.4), then the

following set of n integral equations

_ k m TA-T T (J)
E(a-a) igl z( 1) jZISOS;) . W ('Tl Tq 'TJ)

] k
-E[n z('r.)]E[H z(7,)
i=1 1] Le=1 2

where k=1,2,...,m is to be solved simultaneously for the m

1) (o)

weighting functions W (tl, .. °‘ci), i=1,2,...m. W is a function

i k
E| 7 z(1.) Hz('rzﬂ
i=1  * g=1

d'rl...d'rj (5.5)

of the m weighting functions and the mean of a.

The dynamical system under consideration is assumed
observed in a gaussian white noise environment. Consequently in
each of the equations k =1,2,...,m one of the weighting functions
of Equation (5.4) will be outside the integral(s). Hence the set of
integral equations, Equations (5.4), will be a set of Fredholm inte-

gral equations of the second kind with one or more variables.

By applying the 'Contraction Mapping' theorem to the method

2

of successive approximation, a sufficient condition on N0 can

be obtained such that the 20 jteration

(1)

(i) Y
Wyt st = ATUN T W, (1 1)

12"



converges uniformly to W(l)(tl, cens ti)'
The specific details are described in the next chapter for the

case m = 2, i.e., the quadratic estimator.
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CHAPTER VI
CONTINUOTUS QUADRATIC ESTIMATION

In this chapter, the feasibility of using polynomial weighting
of second order, m = 2, and henceforth called quadratic weighting,
is investigated. The simplest non-trivial case is developed, so that
the salient points are not lost in an excessive amount of algebra.

6.1 Integral Equations Specifying the Polynomial
Weighting Functions

dx(t)

Consider the dynamical system Tl ax(t), 0=t=T

with no disturbing noise acting and with X = x(0) gaussian with zero
mean, }—<0= 0, and variance squared, Vg . a is a random parameter
with known probability density p(a) and mean a. Consider the
system x(t) observed in white gaussian noise n(t) and where n(t)
is characterized by E n(t) =0 and E n(tl) n(tz) = N0 6(t1—t2). Let
z(t) be the observation noise of the form z(t) = x(t) + n(t), 0=t = T.
If a is the quadratic estimate of a given z(t), 0=t = T, it has by
definition the form

(6.1)

T ThAT
A _<(0) (1) (2)
a2—W +‘S‘O W () z(t) dt +§0 S‘O \'d (’cl,'cz)z(‘cl)z(’cz)dt1 dt2. ..

(o) (2)

A sufficient condition on W 7, W(l)(t), and W (tl,tz), such that

the mean square error e22= E(a—gz) is minimized, is that
E(a-3a_) = 0, E(a-a.)z{,) =0, E(a-a.) z(t.) z(t.) = 0 (6. 2)
8ol T % 9o’ Zit3 ’ g/ Zitg) 2y y

for 0=tg3,t4 = T. One needs only to multiply these equations by

W(O), W(l)(ts) and W(2)(t t4) respectively, integrate from 0 to T

3’
as necessary and add in order to obtain the orthogonality condition
E(a-é2) Qz = 0. The weighting function of Equation (6.1) which

satisfies Equation (6. 2) will now be found.
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then

where

Theorem 6.1

If the conditions above are satisfied

(0) T _(2)
i) w=E a-gg Wl Lt ) Ezlt)) 2(t,) dt, at

(6.3)
0% 2
ai) Wiy = o 6. 4)
(iii) W(z)(tB,t4) satisfies the integral equation
(2) _
W (g, t,) =
2 2
st A (2) )
=5 My, (tgty) - ’2—S‘§W (t)ty) golt s tostssty) dty dt,
T T
(2) (2)
- 5; W (tl,t4) gl(tl,t3) dt1+ X w (tl,t3)g1(t1,t4) dt1
T (2 T (2
+§0 Wt 1) g (toaty) dt* o W (tg,t,) g (tgut,)dt, | (6.5)

1
A_N
(o]

m o(t

5 tz) = E(a-a) 2(t)) 2(t,)

1’

2

_ a
gl(tl,tz) = Vo E e (t1+t2)

alt +t_+t +t,)
4 12 3 4_V:Ee

_ 12
gz(tl,tz,t3,t4)—3VoEe Ee

(iv) The quadratic estimator is

A T 2
4,- Ea+S;S;) w00 [ate ) 2tty) - E 2ty 2t )] et ot (6.6)

a(t +t.) a(t3+t4)
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(v) The minimum mean square error is

— T a(t +t.)
2_ 2 (2) 2 - 2
ez—c -S‘ g W (tl,tz)Vo E(a-a)e dt 1,d’c (6.7)

The proof has been referred to the appendix because it is
rather detailed, containing several pages of algebra (see

Appendix C).

6.3 Some Remarks with Regard to Theorem 6.1

When No is sufficiently large or A is sufficiently small,
2

w (tl,tz) may be approximated by
(2) 22 v,
W (tl’tz)z-z—MZO(tl’tZ)=ﬁ; E(a—m)z(tl)z(tz) (6.8)
and so
A Vo2
(i) azzE a+S‘ 5 z(tl) z(tz) — E(a-m) z(tl) z(tz) d’(:1 d‘c2
0 v0 9N
© (6.9)
V02
but this is the Bayes estimate for — < <1 and short sampling time,
N
o

i.e., large noise and short sampling time (see Theorem 4.1),.

(11) e = gS. 1,t ) dt d’c2 (6.10)
0

and if a is gaussian with mean a and variance o,

2
9 V S»S‘T 2a(t1,t ) (o] (t1+t )
e, m0 - —3

2N
o

dtld’c2 (6.11)




The double integral in the last expression can be evaluated using the

tabulated Dawson's integral (Reference 1, p. 319).

(iii) In the next section, Section 6.4, some sufficient condi-
tions are given on No or A to ensure that the above approxima-

tions are valid first approximations of W(z)(tl,tz).

6.4 Solutions of Fredholm Integral Equations by the
Method of Successive Approximations

In this section sufficient conditions are given on the noise
(2)

(tl,tz)} of
successive approximations converges uniformly to the unique solution

W(z)(t

covariance N0 to ensure that the sequence {Wn
1’t2) of the integral equation, Equation (6. 5).T
Let R be the space of integrable square, real continuous

functions of two variables (tl, tz) each defined over the closed

interval [0, T] and with a metric
2 TeT 2
P (x,y) =§ g [x(t,,t,) - y(t,,t )] dt, dt (6.12)
oY% 1772 1° "2 1772

for all points x, yeR. R is complete (a closed subset of a com-

plete subset is a complete space).

6.5 Theorem 6. 2

Given
conditions above on Equation (6.5) of Theorem 6.1.
Let
a(ti+t.)
G1= max gl(ti, tj) = max E e J (6.13)
ti’tj 6[0, T] ti:tj
- tj,t5 €0, T]

Another approach to solving the Fredholm integral equation is
described by Luchka.31 By use of his "method of averaging func-
tional corrections' it appears convergence of his successive
approximations is more rapid, i.e., involving fewer iterations,
but more computation is required per iteration.
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G, = max g (t ,t_.t.,t )
2 tie[O,T] 271°7°2°°3° "4
i=1,2,3
alt +t +t +t ) alt.+t,)) alt+t,)
= max VO43Ee1234—Ee12Ee34
t;€[0, T] (6.14)
If
No (6.15)
Then
(i) the sequence {Wflz)(ts,t4)} generated by
(2) 1
WO (t3,t4) = 2No M2o(t3’t4) (6.16)
(2) _ 1
Wi ltgety) = —5 My (s, t))
2N
o]
T T
1 (2) § (2)
2N_ go Wi (tl’t4)g1(t1’t3)dt1+0 Wy, (s ta)elty,t )dt +

T (2 T (2
+S(; Wn (t4,t2)g1(t2,t3)dt2+5(\) Wn (t3,t2)g1(t2,t4)dt2 +

- §T§T o
-— W Ut ,t ) g (L.t st .t ) dt, dt (6.17)
2N020 0 n 1°°2°°271°°277°3" 4”1 2

(2)

converges uniformly to the unique solution W (t3,t4) of
Equation (6.5).

G
(ii) If in particular, —23 <<1, then convergence occurs for
‘ 2G
1

N >2G,T
o) 1
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Remark

(2)

If the first approximation of W (t3, t 4), given by Equation

(6.16) is substituted into Equation (6.6), the optimum quadratic

V2

estimate is the high noise N—O <<1}, short time of observation
o

Bayes estimate. In a sense this is analogous to the 'low signal-to-
noise' case except that here, the mean x is zero and the variance
of X is small compared to the noise. In short as Vo decreases,

the spread of the distribution of X about }-{O= 0 decreases, so that

V2

any realizations will tend to be near X = 0. For this reason 'ﬁe'
o

may be considered a power ''signal-to-noise'' ratio.

For the case }—:o # 0, Equation (6. 2) results in two coupled
Fredholm equations of the second kind (see Equations C. 2 and C.3
of Appendix C). Sufficient conditions can be given on No’ just as in
this proof, so that the sequence of weighting functions Wl({l)(t) and

W(Z)(t tz) wil converge uniformly to the solution of the coupled

k 1’
equations.

Proof to Theorem 6.2

1 (2)_ (2) -
Let A Set Wo —WO (tl,tz) A M (tl,tz) as the

N 20
o
initial iteration. Let AW(Z) = W(z) - W(z). Substitute W(Z) and
(n) n+l n+l n+l
then Wn into Equation (6.17), subtract equations, apply Equation

(6.12). Then square, integrate twice over [0, T] and apply Schwartz

inequality. The result is

2 2
2 _ 2 _ (AT 2
P = P (Wn+l'wn) = (—2 ) [AGZT + 4G1] Py
. _ AT
If A> 0 is chosen such that |a| == [leT + 4G1]< 1,

pn+1< Ial Ph -




Proof to Theorem 6.2 (Continued)

The conditions for the contraction mapping theorem to hold are
(2), (2)

n uniformly as

satisfied. Hence p—+0 as n—>® and W
n—+-«, Equation (3.39) implies

7L2G T2+4G T-2<0
2 1
or since A = -ﬁl—> 0, the positive root is desired.

(o]
G2T
2G
SN > 1
G

[ ]
o G
[ e
1+-——=-1
2G,
2

If TN < <1, the sufficient condition becomes N0 > GT.
1

Q.E.D.

Remarks

1. Convergence is assured even when the noise is
assumed sufficiently large.

2. For '"a'" gaussian with the mean of a negative
G2 and G1 will have an extreme maximum either
at ’ci =0 or at ti= T, depending upon the magnitude
of a, o, and T.

3. Lower bounds on NO can be developed by considering

say the operator G, defined by
T,T
Gh=5;) S;) glt s tysta,t,) h(t ) dt dt,

and mapping say he Lp(O, T) into Lp(O, T)
i.e., let h =Gh__, ”G” =norm of G, and
n n-1
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2 2
In| = S‘S‘h (t,,t,) dt, dt,

since
= =P
N B Te R S
< 6Pl ny oy,
Then

a=n|cP|<1

and this gives a tighter bound on No'

T

6.6 Cramer-Rao Inequality

The Cramer-Rao inequality gives the lower bound on the con-

ditional mean, i.e.,
2

ab
o 22)

E[(a—a2)2 Ia] 2 TR

where

5 2
— log p(z., 2 z Ia a
da 1772’77 "n

= Information in the sample [Reference 33, p. 218]

In(a) = E

I(a) =1ﬁi rg%.In(a)

T
2, = zi(a) are the coefficients of g z(t) ¢i(t;a) dt
0

and {d)i(t;a)} are the orthonormal set of eigenfunctions described in
Theorem 4.1. For the conditions of Theorem 4.1, the bias is

b(a) = E(Qzla) -a

TSee References 9, 28, 29, 30.




o7

Hence
5b 4T alr 7y i
+ —\ =
(1 8a> VO g 5 Wz('rl,'rz) ('rl+72) e d'r1 d'7'2
00
and so the quadratic estimate is a biased estimate.

In order to determine the lower bound on the conditional mean,
it is necessary to know I(a). The term I(a) however causes dif-

ficulty. This is because the term Qn(a) given by

Zn(a) = log p(Zl, Zos e s zn|a)
k (a)z (a) n
_1 1 2
"5 R (A ) +N7 log ()t (a) + N ) N Z_; zi +cn
oi=1
where
2aT
., 2e -1
Ma) = Vo 2a
c =-Diogor -2l N
n 2 g 2 g o

must be differentiated with respect to a, averaged over Zl’ ey Zn
given a, and then the limit as n—>% taken.

Consequently the Cramer-Rao bound is not directly

obtainable.

6.7 Synopsis of Chapter VI

In this chapter the optimum minimum variance polynomial
estimator of order two was found, i.e., in the sense that it satisfy
a Fredholm integral equation of the second kind in two variables.
By specifying sufficient conditions on the noise covariance, the
method of successive approximations yields a convergent sequence

which converges to the optimum quadratic weighting function. The
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estimator that results reduces to the Bayes estimate when the
covariance No of the measurement noise is sufficiently large and

the time of observation is sufficiently small.

A method for determining the lower bound on the conditional
error squared, known as the Cramer-Rao inequality, was sketched.
The minimum variance mean square error for the quadratic estimator
coincided with the Bayes estimate whenever N0 is large (No>> Voz)
and T is small. The quadratic estimator was shown to be a biased

minimum mean-square-error estimator.




CHAPTER VII

MATRIX PLANT

7.1 Introduction

Almost all of the notions developed in the earlier chapters
carry over to the vector dynamical system. The only added feature
is that the elements in the plant matrix that are to be estimated
should be rearranged, so that they form a vector. The same is true
of the observables; they should be rearranged into an array. If this

is done, then nth

order polynomial weighting for both continuous
time parameterization and discrete time parameterization carry
over. In fact, if the mean of the initial condition on the state x(t)

is zero, then linear weighting on the observables does not reduce the
mean square error. It is not until higher order weighting occurs

that the estimate of the plant parameter(s) improve.

The prior statistics required to specify a matrix of random
parameters increases rapidly with the size of the matrix.16 For
example, a 2x2 matrix of 4 elements requires 4 means and 10 covar-
iances; a 3x3 matrix, 9 means and 45 covariances; a 4x4 matrix, 16
means and 136 covariances; and a 5x5 matrix, 25 means and 325 co-
variances. Most linear physical systems however will not require
anywhere near this number because only the last row of elements of
the A matrix are random. Under these circumstances the number
of statistics required to specify a 2x2, 3x3, 4x4, or 5x5 matrix of
gaussian parameters, is respectively, 5, 9, 14, 20. Thus, an ap-
plication of physical intuition permits an appreciable reduction in the
number of quantities required to specify the distribution associated

with the A matrix.
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7.2 Example of Continuous Quadratic Weighting

To demonstrate the procedure once again, the following
single non-trivial vector dynamic system is considered. Assume
without loss of generality that no disturbing noise is acting on the
dynamical system. (If there were, a few more obvious terms would

need to be added to the statistical terms that are already indicated.)
The dynamical system is
X Y + = =
X(t) +a, x(t) +a x(t) =0, x(o) =x (7.1)

It can be rearranged into the vector form

xl(t) 0 1 Xl(t)
x,(t) - - mag| o |x,M)
that is
X(t) = A X(t), 0st=T (7.2)

a and a, are the random parameters to be estimated. The

measurement system measures X(t) but in white gaussian noise

environment:
zl(t)

Z(t) = X(t) + n(t) = (7.3)

- - zz(t)
The solution of Equation (7. 2) is

X = et x (1.4)
but

At GO AL DT +BOL, ALt AL (7.5)

1’ 2' 1’ 2, .

where 7&1 and ?L2 are roots of | I-A|=0 and o,B satisfy
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e =a+BA1t

[\
1]

a +B Azt

The two equations above are solved for « and [ and then o and P

substituted into Equation (7.5). 7&1, A_ are functions of the plant

2

elements a,,a;- Consequently, o and B are also. Z(t) then has
the form
Z(t) = a(ao, al,t) I1+8 (ao, al,t) At + n(t) (7.86)

(2)

Next form the vector 3 (t.,t,). Itis defined by the terms of

1’72
second degree generated from g(tl) and _Z_,(tz). Specifically
z,(t)) Zl(tzﬂ
(2) z,(t)) z,(t,)

g (tl,tz) = (7.7)
zz(tl) Zl(tz)

z (t.)z_(t.)
("2 T2t

a
Let b= \:ao]. The optimum estimate of b (and hence of a and al)
1 -

of the form

T T T (2)
A (o) (1) (2)
b=W +§O W (t)z(t)dt+§ g W (tl,tz) 3 (tl,tz)dtl dt2 (7.8)

00
(2)
is to be found. Z(t) is a 2x1 matrix while 3 (t,,t.) is a 4x1
(0) (1) (2, 12
matrix; W is 2x1, W '(t) is 2x2, and W (tl’tz) is 2x4. Had

we not known that two of the elements of A were 0 and 1, then

all four elements of A would need to be estimated. This would

(o) (1)

result in b being 4x1; W being 4x1; W ~'(t) being 4x2; and

W(z)(tl,tz) being 4x4. The result is twice as many parameters

would need to be determined. Fortunately this generally will not



be the case, for additional information is often available. Returning
now to the original problem of Equation (7.1), we find a sufficient
condition for an estimator of the form of Equation (7. 8) to minimize

the mean square error is that
N
E(b-b) = 0
N e
E(b-b) Z™(7) = 0

A (2)F
E(b-b) G (1,,75) =0

These are the conditions stated many times in the past. From them

one obtains the equations:

# T ; 5
E@-b) (220 =| WP [E 26 2408 26 E 240ty
0

ToT (9 (2) " (2) .
+§ S w (tl,tz) E g (tl,tz)z”(rr)-Eg (tl,tz)Ez'(T) dt1 dt2
0v0
and

Ay (2) (2) *
E(b-b)(g (r,,75) -3 (71,72))=

T ) (2)* (2)
=§0 W (tl) EZ(tl) 3 (71,72)-E Z(tl)E 3 (71,72) dtl +
(2) (2)*

TAT
(2)

(2) (2)"
“EQ (t,t) @ (1,7,

Since the measurement noise is assumed white gaussian, a pair of

dt1 dt2

vector Fredholm equations of the second kind occur. As in Section
6.4 of Chapter VI, sufficient conditions may be found so that the
method of successive approximations could be used to find the opti-

mum weighting functions and the minimum mean square error. The
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details are a straightforward extension of the discussion in Chapter
VI. Incidently, the discrete quadratic estimator may be developed,
using a method similar to the method used to solve the continuous
problem. The extension to higher degree weighting is simply a

straightforward application of the techniques already developed.
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SUMMARY, RESULTS, AND CONCLUSIONS

Summary

The identification of linear time invariance stochastic
dynamical systems is made for the class of systems where the plant
is characterized by either a scalar random parameter or by a
matrix of random parameters having known distribution. The initial
state is assumed gaussianly distributed with known mean and var-
iance. White gaussian disturbing noise with zero mean and known

variance is acting on the dynamical system.

The state of the system is observed under the influence of
additive white gaussian noise, having zero mean and known covari-
ance. The white gaussian measurement noise is statistically
independent of the white gaussian disturbing noise. The problem is
to identify the plant parameters such that the mean square error
between the plant parameter(s) and the estimate are minimized. The

optimum estimate is the conditional mean or Bayes estimate.

Both discrete and continuous systems are investigated.
Recursive polynomial estimators are described and some of their
asymptotic properties discussed. Both discrete and continuous

recursive quadratic estimators are designed and extensions noted.
Results

The Bayes estimate of the scalar plant parameter for the
discrete case requires integrating a function which has the ratio of
two polynomials in a in the exponent. The order of the polynomials
grows as 2(k+1) where k+1 is the number of observations. The
integral is not readily integrable. However, it is shown that the
function mentioned above, as well as the Bayes estimate which con-

tains this function, may be approximated as an infinite sum of
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polynomials in the k+1 variables ranging in order from zero to

infinity.

If the mean initial state is zero, linear weighting on the
observables is shown to give no improvement to the estimate of the
plant parameter beyond the initial estimate, i.e., its mean. In
short, not until nonlinear weighting on the observables occurs does
the estimate improve. IBM 7094 FORTRAN Programs of the linear
weighting case and quadratic weighting case indicate the superiority
of quadratic weighting. The programs are described in Appendix B.

By using recursive estimators, the dimension of the space required
(k+1)(k+4) to

2 k+1. This means the number of

2
; [(k+ 1)2(k+4)] ‘o

reduces from

elements of a matrix to be inverted is reduced b
(k+1)2. Extensions to higher dimensions are indicated. Figures 2
and 3 show the rate of increase of the required state space as the

degree of the polynomial and the number of observation changes.

The Bayes estimate for the scalar random parameter con-
tinuous time case is derived (see Theorems 4.1 through 4.4). The
integrals to be evaluated appear too difficult to be solved directly,
however they could be evaluated by numerical techniques, once the

specific realization is available.

Continuous polynomial estimators are developed. Sufficient
conditions are given on the weighting functions, so that the mean
square error between the plant parameter a and the polynomial
estimate a, is minimized. The conditions result in a set of
coupled Fredholm equations of the second kind. For the case where
quadratic weighting is used and the mean initial state is zero, suf-

ficient conditions are given on the measurement noise so that the

above Fredholm equations may be solved by the method of successive

approximations.
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The techniques specified above apply directly to linear vector
dynamical systems. A second order system with damping is

investigated.
Conclusions

Polynomial estimators are specifically useful where noise
levels are high and the observation time (or number of samples) is
small. They also have the advantage of having their weighting

functions predetermined.
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APPENDIX A
RECURSION EQUATIONS FOR LINEAR ESTIMATOR

The dynamical system is

k .
x(ktl) = ax(k) + E(k) = 2%+ 321 e, (A.1)
z(k) = x(k) + n(k) (A.2)
Let .
y(k) = z(k) - E z(k) (A.3)
and let

A
Ayl = y®) - By9)|y(), v, . .., yk-1)

where the circumflex over E denotes the optimum linear estimate
of y(k) when y(o), y(1),...,y(k-1) is known (see Doob, Reference
11). Then

Ay = k) - £ (y00] a0}, Ay(D), ..., Ay(k-1) (A.4)
Let
A y(o)
A y(1)
AYl(k-l) = s (A.5)
A 3(k~1)

Then E AY,(j) A Yl(j)* is a diagonal matrix with diagonal elements
E Ay(i) Ay(i) and

k -1
Ay =y - ), (BEy(0ayte-i) (BAYG- Ayt-D)) Ayk-D (4.6)
=1
Note Ey(i) Ay(j) = 0 for all j2i. Let

ml(k-j,k) =E Ay(k-j) yk) (A.7)
pl(j) =E Ay(j) Ay(j) = ml(j,j) (A.8)
Cl(k) =E a Ay(k) (A.9)
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Substituting Equation (A.6) into Equations (A.7) and (A. 9) gives

ml(k-j,k) = E y(k-j) y(k)

k- _1 % . . -1 . .
- m, (k-j, k-j-1-£) P, (k-j-1-4) m(k-j-1-2,Kk) (A.10)
£=0

k
¢, () = Eay(k) -E‘élcl’-‘(k-z) pl‘l(k-z) m(k-5, k) (A.11)

The optimum linear estimate of-a given Z o2 denoted by /a\\(k),

k.’
is
Ql(k) = B[a|z(0), 2(1), - - ., 2(K)]= E[la|A y(0), .. ., A y(K)]
That is,
3,0 =3 +(Baav) (EAYR AY M) Ave)
_ k -1
‘ja+ JZ:O Cl(k-j) m, ~(k-j, k-j) Ay(k-j)

=8, (k-1) + ¢ (k) m; " (, k) A y(k)
Similarly, the minimum mean square error resulting from linear
weightings is
2, -2 * -1
e (k) = E(a-2)*- (EaAy(k) [E A y(k) A y(k)] (Eaay()
-1

i

e lz(k-l) - EaAy(k) ¢ [E Ay(k) A y(k)] (E aA y(k))

e12(k—1) - e, (k) pl'l(k) ¢, (k)

and gives the desired relations. An example has been programmed
for the IBM 7094 using FORTRAN IV language. The plant parameter
a is assumed to be gaussianly distributed. The mean squared error

normalized by the variance of a has been plotted. See Figure 1.




APPENDIX B
COMPUTER PROGRAMS

The equations developed in Appendix A were set into
FORTRAN IV computer language. Double precision was used where
possible. The program generated the required statistical moments

and evaluated the necessary terms via recursive relations,

The distribution of the plant parameter was chosen rather
arbitrarily to be gaussian with some mean and variance but it could
just as easily have been some other distribution with the moments

determined either in closed form or by a Monte Carlo scheme.
I. LINEAR ESTIMATOR

The Kkth moment for a gaussian with mean a and variance ¢

is given by

r 1 =0
a =1
ak-'-¢(5.)2+02 k=2
H :
2 2
) +z;1 - 1)00-2) ! [k-(24-1)] (gz_) OEl s

where the bar over a denotes the expectation and the bracket term

above the summation sign, i.e., 1—;—] , denotes the largest integer
% . A double precision function was defined which generated a .

This subprogram was then used to generate the subprograms

<

E y(i) y(j) and E a y(i); that is
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a’ x2-a a(x )+ R +N 6, . i=j
o o o /2 o ij
E y(i) y(G) = .
2T 5 To _ . _ <
a3 xoz— a2 a(XO)2+R i 1] 2‘@+N 6 J=1
£=1 1
and
0 i=0
Bay®= oo 3 —
(a —éa)xo iz1

The above subprograms were then used in the recursive equation
k-j

ml(k—j, k)=E y(k-j)y(k) - Z ml(k-j, k-j-£) pl_l(k—j-ﬂ)ml(k—j—.@, k)
4=1
with
m_{o,0) = E z2(o) —(E z(o))2= v 2 + N
177 T o o
and

p, () =m (.3,

and in the recursive equation
k

c(k) = Eay(k) - Z ™ (k-4) pl'l(k—ﬂ) m(k-4, k)
4=1

c(o) = E(a-a) z(o) = 0.
The above programs are sufficient to generate the minimum

mean square error recursively:

(k) = €2(k-1) - ey () p; () e, (k) k=1,2,...n
with

62(0) = o2 .
After the measurement z(k) is made, the term A y(k) is generated




Ay = a(k) - 2 £ - ), m, O k-3) P} (ki) Ayl-i)

1

D =

J
with
Ay(o) = z(o) - }_:; s

and then substituted into
8(k) = A(k-1) + e, (k) p] ) Ay(k) k=1,

with 4(o) = a. This completes the equations needed to generate the

FORTRAN program for the linear estimator.
II. QUADRATIC ESTIMATOR

The computer program to generate the optimum quadratic
estimate of the plant parameter and its corresponding mean square

error were developed by use of the following subprograms:

1. k'™ moment gaussian. This program was the same
as the one used in the linear estimator program
(see PartI).

2. Indexing subprogram for mapping the significant
terms of the matrix consisting of the submatrices

E Y(i) Y*(j) into a linear array. In this way the
4

storage problem is reduced from n4 to r11__2 , an
order of magnitude. The significant terms are those
terms in the upper triangle of submatrices and the
upper triangle of elements of each submatrix, see

Figure 4.

The following equations generate k from o, f,i, j.
k is defined only for

0,1,2,...,n

0,1,...,]

]
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ADDRESS OF THE (a,f) ELEMENT OF THE (i, j) SUBMATRIX
ASSOCIATED WITH THE MATRIX [EY,(i)Y*(j)] AND THE

CORRESPONDING INDEX NUMBER k.
(o, B) shown in lower left corners, k shown in upper right corners.

FIGURE 4

7€




1<ag<i+2

B

Note however that because of symmetry within the

o, at1l,...,j+2

m,(i, j) matrix, the value of the element at the (a,B)

address is the same as the one in the (B8,a) address.

Let
[0 a =1
kl(j,a) =)
a-1
> (j+3-4,) az?2
4 =
!
[0 i=0
kz(j,i) = -
i 19
L L (+3-4,) iz1
_12-1 ,@2=1
and
0 j=0
kg =) 5 i3 i3
Z—l 12=1 /&Z=1 Ug+2-4y) 1=1
Jg=+ 137 43
then

kl(j,a)+k2(j,i)+k3(j)+B-a+1 a<p
K =K(j, i;a,B8) =

kl(j,B)+k2(j,i)+k3(j)+a-B+1 azf
Indexing subprogram for mapping the significant elements
of the pz_l(j) matrix into a linear array, Figure 5 shows
the relationship. An equation which maps these elements

in this manner is

(i



ADDRESS OF THE (a,3) ELEMENT OF THE ith MATRIX

m™(,1) = [EAYz(i)AYZ*(i)]'1 AND ITS INDEX KI.

(@, B) shown in lower left corners, KI in upper right corners.

FIGURE 5
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kl(j;a)+k4(j;a,B)+k5(j;a,3) a
KI1=KI(j;a,B) =

k BB +k, (B, )tk (§iB,e)  «
where
[0 az1l, j
0 a=1 J
kl(J;a) "1 -1
L G+3-8)  az2 ]
b =
. 1
0 i
k4(J;Q, B) = J J4+1
‘211;2::1(344-2—34) j
Jg™ %
B+a-1 i
kg (jie, B) =
B-atl i

v
[y

v
[V

v
|

=0

=1

The bar below KI is to denote KI is the function name

of the index in FORTRAN language. That is, for o =,

(B+a-1 ]
I ]
> ) (,m2-h) 4B -a+ izl, «
G 8
KI—W 4" 74
It a-1
0 L Ggr2-h)+Bat it ) (j+3-4)) =
j 14,71 271

and the role of o, is reversed if o> B.

A ranking routine which takes a setof 4 = 2,3, or 4

positive integers and rearranges them into a set

gers with increasing magnitudes.

of inte-
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This routine is required in the E z(il) z(iz),
Ez(11)z(12)z(13) and Ez(11)z(12) z(13)z(i4) subprograms
due to the assumptions made that the disturbing noise and

the measurement noise be "white"'.

Subprogram to generate E z(i) where

pu——
]

Sy 1 —
E z(i) axo

Subprogram to generate E z(il)z(iz) . For i_=2i

2 1’
1, — iy T, -24
EzG)zl)=a’ 2x2+R_ Y a2 ' hn s .
2 1 o] o ,~ o i,i
L. =1 1°2
1
where 6. . is the Kronecker delta function.

f1'2
Subprogram to generate E z(is)z(iz)z(il). For

C s s s . . Cy =
i, 2 12 2 11, E z(13)z(12)z(11)
13+12+11 —~§

Subprogram to generate E z(i4)z(13)z(i2)z(il). For

i, zi,zi, 21

4 3 2 1’




E z(i4)z(i3)z(i2)z(il) =

i+i+i+i——— 1
=a43 2 1xj+xR Z

1 +1 +i +11-2ﬂ

i - - : :
2 14+13+12+11—2,6 3 i +13+12+11-2,6
+ 2 a E

1 2 1 +1 +i +11-213 -24
2 L Z_

0
ﬂl 'el 3

1+1 +1 +3i_ -
2

i+i i+i i+i

+x N +a 6. +a 6. . ta

2153- zzl
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11,

Subprogram to generate E A Y(o,k), i.e.,

—E(a—a_l)zk ] —EAY(I,k) i

E(a-a) 2, 2 E A Y(2,Kk)
E(a—a)g(k)s E(a-a)zkzl = | EAY(3,k)

LE(a-é) zk2 ] LE A S'Z(k+ 2, k) |

where o is the otP term in the vector E(a—é)g.(k).
It follows,

0 k=0
K+l - k. —
(ak l-a ak)x0 kz1, a=1
-3 —
(zaLk l-a ak)xo2 kzl,a=2

kta-1 - k+a-2]°3
a -aa X +

E A Y(a, k)= [
—— o

a-2 ——
+a-1- - -9
+R E [ak a-1 2r_aak+a 2 2r]
© r=1

L k=1, a=3
The bar below EAY is to denote that EAY is the name

assigned to the FORTRAN function subprogram. The

bar below a letter does not denote a vector in Appendix B.

Subprogram to invert matrices. The subprogram should
also indicate when the determinant is zero and hence,
inversion is not permitted. The estimation problem is

then singular,

Subprogram to generate elements of the (a,f) compon-
ents of the (i,j) submatrix EYz(i) Y;(j). That is, for

a given a,f,1,j such that
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12.

"011:2,--
i=0,1,...,]
a=1,2,..., i+2

—.
i

o)
[

=q, a+l, a+2,...,j+2
[ E 2z(i) z(j) -E z(i) E z(j) a=

1, B=1
EYY={ Ez(i)z(j)z(B-2) - E z(i) E z(j) z(B-2) a=1, B=2

E z(i) z(a-2) z(j) z(B-2) -
E z(i) z(a-2) E z(j) z(B-2) az2, B2

If «> B, o is replaced by B and B by ea.
Subprogram to generate the following recursion relation:

Let M, JB be the (a,B) component of the (i, _])th sub-
matrix EAY@E) Y (j) and MJ @, B also be the (e, B)

component of the (1,])1:h submatrix EA Y)Y’ “(j) for
jzi., Note EAY(@)Y*@§)=0 for j<i.

Since A Y() = Y(i) - B(¥®)|¥G-1), ... ¥(0).

The (a,B) component of Equation (3.21) is then

o
P (e v v (J))Q,B

i i-4+2i-8+2 apl( )”1”’2 pyB
12 i-4

M. M, .
2 A 912 22 i,i-4 i-2,j

Now, if use is made of the indexing subroutines of Steps

2 and 3, the following may be defined
MeP

“

DYY(K) =

where K is the index of subprogram 2 and associated

with (j,ia,B) and
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PP
-1 172
DYYI (KI) = (Mi-z,i-z)
where KI is the index of subprogram 3 and associated

with (i-4; Py p2). The matrix M;_lz, 14 is the matrix

M. g Li-g inverted. Whereas

-1 p1) pz
i

is the (pl, p2) element of the inverse. The recursion

B

relation for M‘izj above becomes

i i-f+2i-4+2
DYY(K)=EYY(K)- ), ), ), DYY(KA)s
£=1 p1=1 p2=1

*DYYI(KI) *» DYY (KB)

where K is the index of subprogram 2 generated from
(3, 15, B)
KA is the index of subprogram 3 generated from
(il i-'e;a' pl)
K1 is the index of subprogram 3 generated from
(1-£;p1. py)

and

KB is the index of subprogram 2 generated from

(j: i"g;pzs B)

Subprogram to generate elements of the matrix recursion

relation, Equation (3. 22):
* - * k * -1
C5) = E(a-a) Y,(j) -glcz NPy (-4 MyG-£,3)

where C,(j) =EaAY,(j). Let Cyla;j) be the ath

element in the vector Cz(j).
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. iy
Let N__c:i-l.tl)_(l_i).+ a

2
NC maps the P element of the jth vector Cz(j)
into a linear array. NC =1,2,..., w+n + 2,

2

th

If DC(NC) denotes the o element of C2(j) then

j-1 j+2-4 j+2-4
DC(NC)=EAY(ei))- ), ), ), DC(D)e
£=1 p=1 psl
*DYYI(KI) e DY Y(K)

2

-4+ 1)(j-4+ 4
_ -4+ )2(3 + )+p

where NC =

Z

ND
KI is the index associated with the inverse
matrix and generated from (j-ﬁ;pl, p2)

K is the index generated from (j,j-ﬂ;pz,ﬁ)

Subprogram to generate the associated mean square

error:
jt2 j+2
2. 2,. N
e, () =€, (G-1) - ), ), DC(NC)*DYYI(KI) » DC(ND)
plzl p2:1
where

(+1)(j+4)

= +

NC > o)

KI is the index associated with the inverse
matrix and generated from (j;pl, pz)

L GHOGre)

ND 5 9
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and
02 is the variance squared of the plant parameter a.
Subprogram to generate A Y2(k) of Equation (3.16), from

z(0), z(1),...,z(k):

k
- *(k, k-£)p (k- -
AY, (k) =Y (k) - ), myck,k-£)p, " (k=£) A Y ,(k-£)

£=1
with
z(0) - z(0)
AYz(o) =‘: 9
z“(0) - z(o) z(o)

The ath component of Y,(k), denoted YA(k,a) is

z(k) - z(k) a=1
YAk, @) =

z(k) z{a-2) - z(k) z(a-2) o =2
and the oth component of A Yz(k) denoted DY(k,a) is

k k+2-Lkt2-4
DY(kia)=YA(e)- ), ), ), DYY(K)s
4=1 p1=l p2=1
*DYYI(KI) « DY(ND)
where
DY Y(0;e) = E A Y(0;0)
K is the index of subprogram 2 associated with

(k,k-4;0, pl)

KI is the index of subprogram 3 associated with
(k-£;p5 £g)
and

(k+1)(kt+4)

ND = 5 Py
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Subprogram to generate the optimum quadratic estimate

of the plant parameter a, as given in Chapter III:

Qz(k)

H

Bk-1) + ¢ (k) pz‘l(k) A Y(k)

kt+t2 k+2
8(k-1)+ ), ), DC(NC) DY YI(KI) DY(ND)
p1=1 p2=1

where 32(0) = a,
k+1)(k+4
IES; = (—%____). + pl »
K1 is the index of subprogram 3 associated with
(k;py5 05),
and

_ (k+1)(k+4)

ND 5 Pg s

This completes the description of the computer program

for the quadratic estimator.
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APPENDIX C

THEOREM 6.1 AND PROOF

Theorem 6.1 (repeated for convenience)

If the conditions of Section 6.1 are satisfied, then

where

0 wo-x -gTS‘Tw(z)(t t )E z(t,) z(t_)dt, dt (6.3)
1 " Yo R s DA Tl Tt .
i) Wy = o (6. 4)
(iii) W(z)(tl,tz) satisfies the integral equation

(2) _
W e, t,) =

2 2 AT.T
A by Sg (2)
—-Mzo(ts,t ) 5 X W (tl,tz) gz(tl,t t t4)dt1 dt2

2 4 0 2°°3°
T T

by (2) (2)
) S;) w (tl,t4)g1(t1,t3)dt1+ . W (tl,ts)gl(tl,t4) dtl

T (2 T (2
+S;) W (t4,t2)g(t2,t3)dt2+ X 'Y (t3"t2) gl(tz,t4) dtz (6.5)
M20(t1,t2) = E(a~-m) z(tl) z(tz)

9 a(t1+t2)

gl(tl,tz) = Vo Ee

a(t +t +t +t,) a(t +t_) a(t+t))
_ 4 1 273 4 4 172 3 4
gz(tl, tz,t3,t4)—3Vo Ee —V0 Ee Ee

(iv) The quadratic estimator is

A-E +§T§T (2 ¢zt )2t )-E it )zt )]at, dt,  (6.6)
a, aLOOW(l,z[z(lz2 zlzz]12 .
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(v) The minimum mean square error is

a(t+1t.)
e2=oz-§§ vv(r")(tl,tz)vo2 E(a-a)e | 2dt1dt2 (6.7)

Proof to Theorem 6.1

Substitute Equation (6. 1) into Equation (6.2). There results
directly

) -
W(o -a-S;)

T TAT

( )(t )E z(t )dt g W (t t )E z(t )z(t )dt dt2
(C.1)

Q. E.D. Part (i)
and substituting this equation too into Equation (6. 2), gives the

following two integral equations

- (1)
Mlo(t3) —S\ W (tl)Mll(tl tS)dt +
TA-T
(2)
+S(;§O A (l,t )Mlz( 1ty t3)dt1dt2 (C.2)
M, (t,,1,) S W(l)(t )M t)de +
20 21 1 3"
+S.S\ W(z)(t t )M, (t.,t t )dt dt (C.3)
00 1’72 22717 2 3’ 4 *
where, since 7—:0 =0,
Mlo(t3) = E(a-a) z(t3) =0 (C.4)
Mll(tl,t3)=E z(tl)z(t3)-E z(tl)Ez(t2)=
a(t1+t3)
=V Ee +N0_ (tl-tz) (C.5)
Mlz(tl 3,t )= Ez(t )z(t )z(t ) - Ez(t VE z(t )z(t )=0 (C.6)



a(t 1+t 2)]

M, (t3t,) = E(a-a) z(ty) z(t,) = V:E[(a-é) e (C.7)

M, tyity

M22(t1,t2;t3,t4) =E z(tl)z(tz) z(t3)z(t4) -

-E z(tl) z(tz)E z(t3) z(t4)

)=E z(tl) z(tz) z(t4)-E z(tl) z(tz)E z(t4) =0 (C.8)

at Ft o+t +t,) a(t+t.) a(t+t))
=3V§Ee 1°2°3 4--V;Ee 1 2Ee 3 4

eza.(tl+1:3)‘5 +ea(t1+t4)6 +ea(’t‘.2+t3)(5 .
24 23 14

+V2N E
o o

13

2
N, [‘513614”14523] (€.9)
where 6ij = impulse function = 6(ti-tj). Substituting Equations (C. 4)
to (C.6) into Equation (C. 2) yields

T a(t +t,)
(1) 2 13 _
‘go w (’cl)[Vo Ee +N06(t1—t2):] dtl— 0 (C.10)

A sufficient condition for this to hold is for W(l)(tl) = 0, Therefore

set

)

wa) = o 0<ts<T (C.11)

This proves Part (iii).

Equation (6.4) in Equation (C.3) yields

TeT (2)
MZO(t3’t4)= S‘O§OW (tl,tz)goo(tl,tz;‘ts,t4)dt1dt2+

T a(t+t,) T at+1t,)
2 (2) 13 (2) 1 "4
+V, N, S(; W (tl,t4)Ee dt1+ 0w (tl,t3)Ee dt1+
T a(t +t,) T a(t+t,)
(2) 2 '3 (2) 2 "4
+§0 W (t4,t2)E e dt2+ , W (t3,t2)E e dt2 +
20..(2) (2)
+N [W (t3,t4) + W (t4,t3)] (C.12)
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where

+t +t t +
a(’c1 t2+L3+t4)_ 4 a(t1+t2) a( 3 t4)

4 VoEe Ee (C.13)

(t t4)=3VoEe

goo 1’t25t3’

Equation (C.12) is a Fredholm equation of the second kind in two
variables. From the symmetry of Equation (C.12) in (t3,t4) and

(t4,t3) we can without loss of generality assume W(t3,t4) symmetric.,

Let A = -ﬁl— . Then using the assumption of symmetry W(t3,t4) =

o
Wit 4,t3), and rearranging
2 2
(2) A X
Wt ty) = 5 M, (g, ty) - 5
where the double bracketed term denotes the collection of terms
inside the double brackets of Equation (C.12). The W(z)(ts,t4)

which satisfies Equation (C.12) gives the desired quadratic weighting
function. Substitute Equations (C.1) and (C.11) into Equation (6.1).
There results

) TeT (o)
a2=Ea+§;§OW (tl,tz)[z(tl)z(tz)—E z(tl)z(t2)Jdt1dt2

(2)

where W (tl,tz) satisfies Equation (C. 14). The desired expres-
sion for the continuous quadratic estimator has been developed.

Q.E.D.Part (iv)

The mean square error of the quadratic estimator

e22 = E(a-g.2)2 becomes
— T T
2 2 (2) i
ey=0 —S;) S(; W (tl,tz) E a[z(tl) z(t2) E z(tl) z(tz):l dt1 dt2




or

e

2
2

T,T
- w‘z’(tl,tzwozm[(a-;) e
070

a(t+t )]
1 "2
dtl dt2

Q.E.D. Theorem 6.1
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